We report a new fundamental relation between the minima of the far-zone radiation pattern of a narrow slit in a metal plate and the location of phase singularities in the intermediate field. If a system parameter such as the wavelength is changed, a previously unappreciated singular optics phenomenon occurs: namely, the transition of a near-zone phase singularity into a singularity of the radiation pattern. Our results have significance for the design of novel nanoscale light sources and antennas.
Surprising effects in the radiation pattern of subwavelength light sources have recently been observed in several studies, for example, the ''beaming effect'' due to surface plasmons on grating structures around subwavelength apertures [1, 2] . In this Letter we report the prediction of a new phenomenon, namely, the relationship between phase singularities in the near field and intermediate field of the aperture, and the shape of the farzone radiation pattern. Furthermore, a new singular optics process is described: the transition of a near-zone singularity into a singularity of the radiation pattern.
In previous articles [3] [4] [5] , a connection was made between the transmission coefficient of a subwavelength slit and phase singularities of the time-averaged Poynting vector field on the illuminated side of the metal plate. We now show that the phase singularities of the electric or magnetic field on the ''dark'' side of the metal plate are intimately connected with the radiation properties of the slit. More specifically, we find phase singularities in the intermediate field whose position is directly connected with the location of minima in the far-field radiation pattern. Changing a system parameter, such as the thickness of the metal plate or the wavelength of the incident field, can cause these phase singularities to move farther away from the metal plate, corresponding to a minimum in the radiation pattern becoming more pronounced. Surprisingly, on further changing the parameter, these phase singularities can move all the way to the far field and eventually disappear at infinity. This disappearance of a phase singularity is directly related to the occurrence of an exact zero of the radiation pattern, i.e., a phase singularity at infinity.
A rigorous scattering approach, which takes into account the finite conductivity and the finite thickness of the plate, is used to calculate the field in the vicinity of an infinitely long slit in a metal plate. This method, commonly referred to as the Green's tensor method, is described in detail in [6] , and has been applied previously by us to study similar configurations [3] [4] [5] .
The intensity radiation pattern is defined by the expression
with x; 0; z and cos z=. Furthermore, hS sca i is the time-averaged Poynting vector associated with the scattered field (i.e., the field minus the incident field) and hS 0 z i is the component of the time-averaged Poynting vector associated with the illuminating field (i.e., the field emitted by the laser source) that is perpendicular to the plate. For convenience we take the amplitude of the illuminating electric field equal to unity.
The radiation pattern may be calculated using the angular spectrum representation of the field. Let U be a component of the scattered electric or magnetic field. For points far away from the slit, the method of stationary phase (see Sec. 3.3 of [7] ) may be applied to obtain the asymptotic expression Ux; z 2k
where k is the wave number andŨ is the Fourier transform of U with respect to x taken at the exit plane of the slit z 0.
To calculate the intensity radiation pattern, we take for U in Eq. (2) the components of the scattered electric and magnetic fields, and apply the result to Eq. (1). In this manner one obtains for the two polarizations the formulas
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with 0 the vacuum permeability, " 0 the vacuum permittivity, and w the slit width.
In Fig. 1 the radiation pattern of a subwavelength slit is plotted both for TE-polarized (i.e., the electric field is parallel to the slit) and TM-polarized fields. The pattern is found to be rather uniform, i.e., the light is diffracted into every direction, with no minima being present in the radiation pattern. This is typical for subwavelength slits for both polarization cases -for such slits there is only one (propagating) guided mode possible.
The radiation pattern is drastically changed if the slit width is increased, because then more modes in the slit become propagating. In the configuration of Fig. 1 , the second symmetric mode is propagating for a slit width w > 1:4 for TE-polarized fields or w > 0:9 for TMpolarized fields [3] . (No antisymmetric modes are excited because the illuminating field is symmetric.) This implies that for such slit widths the intensity radiation pattern as a function of the plate thickness d is approximately given by [see Eqs. (3) and (4)]
withŨ i the Fourier transform with respect to x of a field component (Ê y for TE polarization, andĤ y for TM polarization) at the exit plane of the slit of mode i, and k i the effective wave number of mode i (i 1; 2). The exponential of the second term in Eq. (5) is periodic in k or d leading to alternate constructive and destructive interference of the two terms, which results in the radiation pattern periodically changing from having minima to having no minima. In the case that there is a minimum, the radiation pattern is more directional.
If the field (Ê y for TE polarization andĤ y for TM polarization) behind the slit is plotted for cases such that the radiation pattern has minima, one typically finds a phase singularity in the direction of the radiation minimum; see Figs. 2 and 3. A phase singularity (also called a wave dislocation) is a point where the amplitude of the field is zero, and hence the phase of the field is undefined [8] . The gradient of the phase circulates around the singularity and such a phenomenon is often referred to as an optical vortex. Because of the continuity of the field, the phase change around a phase singularity is necessarily an integer number (usually 1) times 2. The topological charge s of a phase singularity is defined as
with C a closed curve around the phase singularity and the phase of the field. The topological charge is a continuous function of the system parameters, as long as the contour C is chosen such that no phase singularity crosses 
present, one with charge 1 (left-handed) and one with charge ÿ1 (right-handed). In Fig. 2 (TM polarization) phase singularities inĤ y are shown, whereas in Fig. 3 (TE polarization) phase singularities inÊ y are shown. For both cases, each of these phase singularities gives rise to a vortex (circulation) in the field of power flow. The connection between these two kinds of phase singularities is explained in detail in [4] . The phase singularities in Figs. 2 and 3 are found by numerically calculating the topological charge [see Eq. (6)]. In this way, we can determine if there is an actual phase singularity present, or just a minimum in the intensity.
In Figs. 3 and 4 the phase singularities near the slits as well as the radiation pattern are plotted for two values of the wavelength of the incident field. It is seen that for 510 nm (Fig. 3 ) the phase singularities are closer to the plate and the minima are less pronounced than for 500 nm (Fig. 4) . This behavior was found to be typical for this kind of configuration (see, e.g., Fig. 2 for another case with pronounced minima and phase singularities behind the slit). If the wavelength is decreased even more, a curious phenomenon is observed: the phase singularities move away towards the far zone, and at a certain value of the wavelength it is no longer possible to track them numerically. The minima in the intensity radiation pattern correspondingly become deeper with decreasing wavelength until at a certain critical wavelength, the minima evidently become true zeros. For wavelengths smaller than this critical wavelength, the value of the intensity at the minima rises as a function of decreasing wavelength. To investigate this behavior more closely, we quantify the phase behavior at infinity by first introducing forÊ y (or forĤ y for TM-polarized fields) the reduced fieldÊ red y defined by the expression
e ik pÊ red y ; :
Next we take the limit for the phase red ; ofÊ
where we used Eq. (2) . Near the wavelength where the intensity of the radiation pattern for one particular angle of observation is almost zero, the phase at infinity shows the behavior plotted in Fig. 5 . It is seen that for a wavelength 490 nm there is a rapid increase of the phase by near the angle 36 where a minimum of the radiation pattern occurs, whereas for 489 nm the phase rapidly decreases by an amount of near the same angle. A similar behavior was found for several configurations for the TM-polarization case.
A physical interpretation of this surprising behavior is provided by noting that in principle two cases can occur: either the phase singularities remain present at a finite distance from the slit (apparently far from the slit) or the phase singularities disappear at infinity. It is instructive to introduce the function ; ! ; arctan, which maps the upper half space behind the slit into the half disk f 0 ; 0 : ÿ=2 0 =2; 0 0 arctan =2g. The phase of the reduced fieldÊ red y is well defined on this space, even on the boundary 0 =2, where it is given by the limit value inf of Eq. (8). The disappearance of a phase singularity at infinity can be observed in the behavior of the phase at infinity inf . This effect is illustrated in Fig. 6 : if the phase singularity is present at a large, but finite, distance from the slit, the situation on the left-hand side of the figure applies: near the angle where the phase singularity is present, the phase at infinity changes rapidly, but continuously, by (it increases by when the angle of observation is increased if the topological charge is ÿ1, whereas it decreases by if the topological charge is 1). If the wavelength is decreased, the phase singularity can be exactly at infinity, i.e., at the boundary 0 =2, as is shown in the middle of Fig. 6 . In this case there is an exact zero in the radiation pattern, together with a phase jump at this point. If the wavelength is decreased even further, then the right-hand side of Fig. 6 applies: the phase singularity does not exist anymore. However, a ''residual effect'' can still be observed in the phase behavior at infinity: the phase rapidly changes by . Note that if initially there was a increase when the angle is increased, now there is a decrease. It is to be further noted that this phase behavior at infinity is possible only if some phase singularity ''crosses'' the boundary 0 =2, i.e., 1. However, it is impossible to distinguish between a phase singularity with charge s ÿ1 disappearing at infinity and a phase singularity with charge s 1 appearing at infinity. Because in our results (see Fig. 5 ) there was a phase singularity moving to the far zone, this suggests that this phase singularity has disappeared at infinity, as discussed above. Note that this implies that the topological charge is not (locally) conserved. However, because of the mirror symmetry of the system, the positive and negative charges at infinity disappear together-that is, the total topological charge of the field is conserved, even though the singularities disappear at widely separated spatial locations. These results suggest a new singular optics phenomenon, in which a singularity in the near or intermediate zone [a singularity in two-dimensional x; z space] converts into a singularity in the radiation pattern (one-dimensional space). It is to be noted that other researchers [9] have studied the motion of phase singularities as system parameters are changed, in what is usually referred to as the theory of combined beams. This work, unlike our study, does not discuss the effects of phase singularities on the radiation pattern of the field.
In summary, we have shown that there is a connection between minima in the far-zone radiation pattern and phase singularities in the intermediate field. On changing a system parameter, these singularities can move to infinity and become singularities of the radiation pattern. A possible way to experimentally verify the predicted relation between phase singularities and the radiation pattern is to place a thin nanowire at a phase singularity and align it parallel to the slit. The presence of the wire should not affect the observed radiation pattern in the far zone [10] . These results provide a new insight into the behavior of radiation patterns, and are therefore important for the design of nanoscale light sources and antennas [10, 11] .
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